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1. INTRODUCTION
1.1. Overview. The main result is the following.

Theorem 1.1.1. For any tame level K” C GSp,,(A) contained in {7y € GSpQQ(Z”) | ¥ = 1 mod N} for
some N > 3 prime to p, there exists a perfectoid space le(poo) Kp OVer ngd such that
(o), kv~ 1im Xppm) -
Moreover, there is a GSp,, (Qp)-equivariant Hodge—Tate period map
THT : le(poe)’Kp — Z.
The strategy is to construct the map 7yt in steps.
First we construct a map of the underlying topological spaces
[T |ka(poo)|\\ZF(p°°)| — |#,
which is constructed using the moduli interpretation of Shimura varieties and the Hodge—Tate filtration.

1.2. Notations. Throughout this paper, 0 < € < 1/2 is a number such there exists an element in Zgyd of
valuation €, and any such element will be denoted by p¢ € Zgyd. We also assume that g > 2.

Definition 1.2.1. Fix an element t € (Z¥')” such that |t| = [t!| = [p|, such that ¢ admits a (p— 1)-th root.
Then we get an identification (Z¥Y?)’ = F,[[t!/(P=Dr™]].
1



2 TIANJIAO NIE

2. TECHNICAL TOOLS
2.1. Canonical subgroups.

Definition 2.1.1. Let A — S be an Abelian scheme with S of characteristic p > 0. Let e : S — A be the unit
section. Let w4/g be the line bundle on S defined as A9 e*Qil /s The Verschiebung map V : A®) — A induces

amap wa/s — WAk /g ~ w%’s, which in turn induces a canonical section Ha(A/S) € H(S, w%};l)), called
the Hasse invariant of A/S.

Definition 2.1.2. Let R be a p-adically complete flat Zgyd—algebra. Let A — Spec(R) be an Abelian
scheme. Let A; — Spec(R;) be its reduction modulo p, where Ry = R/p. For an integer m > 1, the Abelian
scheme A — Spec(R) is said to satisfy the weak O(m,€) condition if

Ha(A, /Spec(R,))®" /=1 € HO(Ry,w®®" 1)

divides p¢, in the sense that there exists u € HO(Ry,w®~P")) such that u-Ha(A;/Spec(R,;))®" ~D/(p—1) =
p° as elements in Ry = R/p.
The Abelian scheme A — Spec(R) is said to satisfy the strong O(m, €) condition if Ha(A;/R;)?" divides

€

p.

Lemma 2.1.3. Let S be a p-adically complete flat Z;yd—algebra. Let G be a finite locally free commutative
group scheme over S. Let C7 C G ®g S/p be a finite locally free subgroup. Assume that for H = (G ®g
S/p)/C1, multiplication by p¢ on the Lie complex ¢}, is homotopical to zero. Then there exists a finite locally
free subgroup C' C G over S such that C ®g S/p'~¢ = C1 ®g/, S/p' .

Proof. We will apply Lemma A.0.9. Take A = S/p, B = S/p?>~¢, and

B'={(z,y) € S/p" > x S/p|z=y € R/p'~}.
The map B — B’ is given by « — (z,z). Let J (resp. J’) be the kernel of B — A (resp. B’ — A). Then both
J and J' are isomorphic to S/p'~¢ as Abelian groups. The transition map S/p'~¢ ~ J — J' ~ S/p'~€is
given by multiplication by p¢. Let K be the cone of the map £¢, — €é®ss/p of Lie complexes. Then K ~ (};
by Remark A.0.6. In particular, multiplication by p¢ is homotopic to zero on K. Then the image of the
obstruction o € Ext'(H, K ®% J) in Ext'(H, K ®" J') is zero. The vanishing of the obstruction immediately
shows the existence of a lift C' C G such that C ®g S/p'~¢ = C1 ®g,, S/p' . O

Lemma 2.1.4. Let R be a p-adically complete flat Z;yd—algebra. Let X be a scheme over R such that Q7 /R
is killed by p¢ for some € > 0. Then the map X (R) — X (R/p?) is injective for all § > e.

Proof. Omitted. U

Lemma 2.1.5. Let R be a p-adically complete flat Zgyd-algebra. Let A — Spec(R) be an Abelian scheme
satisfying weak O(m,¢€). Then there is a unique closed subgroup C,, C A[p™] such that C,, = ker(F™)
mod p'~¢.

Proof. Let Hy = ker(V™ : Agpm) — Aj) be the kernel of the m-th composition of the Verschiebung map. We
have a short exact sequence 0 — H; — Agp JRE Ay — 0. Taking the Lie complex of each term, we see that
('}, is represented by the complex Lie(Agpm)) — Lie(A;). Note that the determinant of Lie(Agpm)) — Lie(A;)
is simply
Ha(A;/Ry)®" =D/~ ¢ HO(Ry, ®®" 1),
which is a direct corollary of the definition of the Hasse variant. It follows that multiplication by Ha(A;/R;)®" ~1/(p=1)
on fy; is null-homotopic. As the Abelian scheme A satisfies the weak O(m, €) condition, we conclude that

multiplication by p© on £ is null-homotopic. Thus Lemma 2.1.3 shows the exsitence of C,,, C A[p™] such
that
Cpm @r R/p* ¢ = ker(F™) ®r, R/p""°.
To show that the subgroup C,, is unique, we will directly describe the points of C,,: for every p-adically
complete flat Z;yd—algebra R’ with R — R/, we have

C(R') = {s € Ap")(R') | s = 0mod p!! /7" }.
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It sufficies to prove the equality for R’ = R.

Let s € Oy, (R). Since Cy,, ® g R/p'~¢ = ker(F™)®gr, R/p'~¢, the image of s in A(R/p'~¢) = A;(R/p'~¢),
denoted by s1_¢, lies in the kernel of F™. Thus s;_. lies in the kernel of A;(Ri_.) — A1(Fr]*Ri_.), where
Fr is the absolute Frobenius. Note that s;_. also lies in A;[p™](R1—.). Hence s = 0 mod p(l_e)/l’m.

Before we prove the converse, we need the following result. Since multiplication by p¢ is null-homotopic
on £, we see that p¢ kills Lie(H;)" = €*Qp, /g, Thus p© kills Q}II/RI. Let H = A[p™]/C,,. Note that
H®pr Ri_c = H ®r, Ri1_.. Hence Q}J®RR1_F/R1_€ ~ &'I}LI/R/plf6 is killed by p¢. Since Q}LI/R is p-adically
complete, it follows that Q}{ /R is killed by the multiplication by p map.

Now let s € A[p™](R) be an element such that s = 0 mod p(!=<)/P". By a similar argument as above,
we conclude that s;_. € Cy,,(R/p'™¢) C A[p™](R/p'=¢). Then the image t € H(R) of s is 0 modulo p*~¢.
Finally, apple Lemma 2.1.4 with § = 1 — ¢, we conclude that ¢ = 0 € H(R), showing that s € C,,(R) as
desired. ]

Definition 2.1.6. Let R be a p-adically complete flat ch,yd—algebra. We say that an Abelian scheme
A — Spec(R) has a weak canonical subgroup of level m if A — Spec(R) satisfies weak O(m,¢) for some
€ < 1/2. In that case, we call Cp, C A[p™] in Lemma 2.1.5 the weak canonical subgroup of level m.

If moreover A satisfies the strong O(m, €) condition, then we say that Cy, is a strong canonical subgroup.

Lemma 2.1.7. Let R be a p-adically complete flat Z;yd—algebra. Let A and B be Abelian schemes over R.

(1) If A has a canonical subgroup Cp, C A[p™] of level m, then it has a canonical subgroup Cp, C A[p™ ]
of every level m’ < m, and C,,, C Cp,.

(2) Let f: A— B be a map of Abelian schemes. Assume that both A and B have canonical subgroups
Cm C Alp™] and D,,, C B[p™] of level m. Then C,,, maps into D,, under f.

(3) Assume that A has a canonical subgroup C,, C A[p™] of level m, and let T be a geometric point of
Spec(R[p~Y]). Then C,,(Z) ~ (Z/p™Z)9, where g is dimension of the Abelian variety over Z.

Proof. Omitted. O

2.2. Hartog’s extension principle. Let’s recall Hartog’s theorem of analytic functions.

Theorem 2.2.1 (Hartog’s Theorem). Let G C C™ be an open subset with n > 2, and let K be a compact
subset of G. If G\ K is connected, then any holomorphic function on G\ K can be extended to a holomorphic
function on G in a unique way.

We shall establish several analogies of Hartogs’ theorem.

Lemma 2.2.2 ([GR68, Lemma III.3.1, Proposition 1I1.3.3]). Let X be a locally Noetherian scheme. Let
Z C X be a closed subscheme. Let F be a coherent Ox-module. Let n > 1 be an integer. Then the following
are equivalent:

(1) For any open subscheme V' of X, the map
HY(V,F) = H'(V\Z, F)
is bijective for i < n — 2 and injective for i = n — 1.
(2) For any open subscheme V of X, the local cohomology
H%/mZ(V: ]:) =0
forall:<n-—1.
(3) For any = € Z the depth of F, as an Ox ,-module is at least n.

Lemma 2.2.3 (Serre’s criterion). A Noetherian ring R is normal if and only if R, is regular for every p of
height <1 and R, has depth > 2 for every p of height > 2.

Lemma 2.2.4. Let R be a normal ring, i.e. the localization R, is an integrally closed domain for every
prime ideal p of R. Assume R is Noetherian. Let Z C Spec(R) be a closed subscheme of codimension at
least 2, i.e. every p € Z has height at least 2. Then for U = Spec(R)\Z,

HO(SpeC(R), OSpeC(R)) ~ I{O([]7 OSpeC(R))'

Proof. Consider n = 2 and F = Ox in Lemma 2.2.2. Serre’s criterion, cf. Lemma 2.2.3, guarantees the third
condition in Lemma 2.2.2. The first assertion gives the desired result. ]
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It can also be proved directly as follows.

Lemma 2.2.5. Let X be a locally Noetherian normal scheme. Let U be an open subscheme of X with
codimension > 2. Then the map H°(X,Ox) — H°(U, Ox) is an isomorphism.

Proof. We may assume that X = Spec(A) where A is normal integral domain. For every non-empty open V'
of X, the ring I'(V, Ox ) may be considered as a subring of the function field K (X) = Frac(A) such that the
restriction maps are given by inclusions of rings. Let Z be an irreducible closed subset of X of codimension
1. Then U intersects Z non-trivially, so it contains the generic point 1 of Z. In other words, the subring
I'(U,Ox) of the function field K (X) is contained in the stalk Ox ,. But A = I'(X, Ox) is the intersection
of all the stalks Ox ,, where 7 is a prime ideal of height 1; in other words, where 7 is the generic point of an
irreducible closed subset of codimension 1. (]

Lemma 2.2.6. Let R be a topologically finitely generated, flat, and p-adically complete Z,-algebra, such
that R = R/p is normal. Fix f € R such that its reduction f € R is not a zero-divisor. Let 0 < ¢ < 1. Set
S=(R&z, ZYN)(u)/(u- f —p°). Then S is p-adically complete and flat over Z&¥'. Fix a closed subscheme
Y C Spec(R) of codimension > 2. Let Z be the inverse image of Y in Spf(.S). Then for U = |Spf(S)|\Z,
S = H(Spf(S), Ospt(s)) = H* (U, Ospi(s))-
Proof. We first show that the map
S o~ HO(Spf(S)7 OSpf(S)) — HO(Ua OSpf(S))
is injective. Since S is p-adically separated and H°(U, Ogpi(s)) is flat over Zgyd, it suffices to show that
Se =~ HO (SPEC(SE), OSpec(Sg)) — HO(Uea OSpec(Se))
is injective, where Se = S/p¢, Z, is the inverse image of Y in Spec(S,), and U, = Spec(Sc)\Z.. Note that
Se = (R &z, Z7)(w)/(uf,p°) = Re[ul/(ufe)
where R = R ®z, (Zgyd/pf) and f. € R, is the image of f € R.
Let W C Spec(S.) be the preimage of V = V(f) C Spec(R). Then W =V X Spec(F,) A%Cyd/pe is affine.
P
The map S, — R. sending u to zero induces a section Spec(R.) — Spec(S¢). We have a decomposition

Spec(Se) = NUW, where N = Spec(R[u]/(u)) =~ Spec(R.) is the image of the section Spec(R.) — Spec(S,).
Take Ve =V Xgpec(r,) Spec(Z;Ycl/pf), Then W =V, X S pec(ZS /pe) A and NNW = V..
We then have the following interpretations:
(1) Each section in I'(Spec(Sc), Ospec(s,.)) is a pair (f1, fo) such that fi € T'(IV, Ogpec(s,)) and fo €
r(w, OSpec(SE)) such that fi = foon NNW = V..
(2) Each section in HO(UQOSpeC(SS)) is a pair (fi, f2) such that f; € H°(U.N N, Ogpec(s.)), and fz €
H(U.NW, Ogpec(s.))s such that fi = fo on UuNN NW.
The (classical) Hartog’s extension principle, i.e. Lemma 2.2.4 applied to Y C Spec(R), shows that

I'(Spec(R)\Y) ~ I'(Spec(R)).

1
z5 /pe”

Under base-change this gives
L(U:NN) ~T(Spec(Y)\Y) ®r, Z;yd/p6 ~ I'(Spec(R)) ®r, Z]f,yd/pE ~T(N).
Thus injectivity reduces to show that
L(V) &g, (25 /p)[u] = T(W) = T(U. N W) = T(V\Y) @, (Z5¥ /p©)[u]

is injective. It suffices to show that I'(V) — I'(V\Y) is injective, where both V' and V\Y are F,-schemes.
We have depth(Oy,) = depth(R,) — 1 for all y € V, cf. [Sta, Tag 090R]. Thus depth(Oy,) > 1 for every
x € VNY by Serre’s criterion, i.e. Lemma 2.2.3. Then the desired injectivity follows from Lemma 2.2.2.

It remains to prove the surjectivity. Let S’ be the w-adic completion of S equipped with the (p,u)-
adic topology. We have a natural injection S — S’. Since u - f = p, the topology of S’ is also u-adic.
Hence [Spf(S’)| = |Spec(S.)| is a closed subspace of |Spf(S)|. The first step is to prove the surjectivity of
S" — HO(U N |Spf(S")], Ospi(s7y)- By modulo w, it sufficies to show the surjectivity of

R ®F, Z;,y"l/p6 = R. — H°(U N Spec(Re), Ospec(r.)) = H°(U N Spec(R), Ogpec(®)) ®F, Zz",yd/pe.
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Lemma 2.2.4 shows that the map

R — H(Spec(R)\Y, Og o)) = H"(Spec(R) NU, Ospec(r,))
is an isomorphism. From here the desired surjectivity is clear. O
2.3. Tate’s normalized traces.

Lemma 2.3.1. Let R be a p-adically complete flat Z,-algebra. Let Yi,...,Y,, € R. Let P,...,P, €
R(Xy,...,X,) be topologically nilpotent elements, or equivalently, each P; has topologically nilpotent coef-
ficients in R. Let
S=R(X1,....Xn)/( XY —Y1—P1,..., X, = Yo, — Py).
Then
(1) The ring S is a finite free R-module of rank p™, with a basis given by X{l c X with 0 <y .eeyip <
p—1.
(2) Let I be the ideal of R generated by p together with all the coefficients of all P;,. Then the trace
map trg g : S — R sends S to I", i.e. trg/r(S) C I™.

Proof. Omitted. U

Lemma 2.3.2. Let R be a p-adically complete flat Z,-algebra topologically of finite type, formally smooth of
dimension n over Z,. Let f € R such that its reduction f € R = R/pis not a zero-divisor. Let 0 < e < 1/2.
Let

Se=(R ®Zp Zgydxue)/(ue - f = p°).
Suppose ¢ : S¢ = S/, is a map of Z;yd—algebra such that modulo p!~¢ it is given by the relative Frobenius.

1=¢ is the map

Ri_c[ud/(f - ue — p°) — lee[“e/p]/(f “Ue/p _pe/p)7
where Ry_. = R ®z, (Z$'/p'~¢), which sends u, to uf/p, and restricts to Frz ® id on Ry_.. Then
(1) The map

In other words, ¢ mod p

l[L/p] : Se[1/p] = Seyp[1/p]
is finite and flat of degree p”.
(2) The trace map
tr=trs, ,(1/p)/s.1/p) * Se/pll/P] = Se[l/p]
sends S/, into p"~(n*+DeS, Here S, ,[1/p] is viewed as an S.[1/p]-algebra via ¢[1/p].

Proof. Omitted. |
2.4. Riemann’s Hebbarkeitssatz.

Definition 2.4.1. Let p be a prime. Let K be a perfectoid field (of any characteristic). Let ¢ be a non-zero
element of K with |p| < |[t| < 1. A triple (X, Z,U), where X is an affinoid perfectoid space over K, Z is a
closed subset of X, and U is a quasi-compact open subset of X\ Z, is said to be good, if

HO(X,0%/t)* ~ HO(X\Z,0%/t)* — H(U, O /)"
Remark 2.4.2. This notion is independent of the choice of ¢, and is compatible with tilting.

Situation 2.4.3. Let K = F,((t'/?™)). Let Ry be a reduced Tate K-algebra topologically of finite type.
Let Xy = Spa(Ro, Rj) be the associated affinoid adic space of finite type over K. Let R be the completed
perfection of R, which is a p-finite perfectoid K-algebra. Let X = Spa(R, RT) with RT = R°, the associated
p-finite affinoid perfectoid space over K. Let Iy be an ideal of Ry. Let I = IpR C R. Let Zy = V(1) C Xp.
Let Z =V (I) C X. Let Uy be a quasi-compact open subset of Xp\Z, with preimage U C X'\ Z.

Lemma 2.4.4. Assume Situation 2.4.3. Suppose (X, Z,U) is good. Suppose that Ry is normal, and that
V(Ip) C Spec(Ry) is of codimension > 2. Let R} be a finite normal Ry-algebra which is étale outside V (1),
and such that no irreducible component of Spec(Ry{,) maps into V(Iy). Let I = IpyR{, and U C X[ the
preimage of Uy. Let R, I', X', Z' U’ be the associated perfectoid objects.
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(1) There is a perfect trace pairing
trrs /R, * Ro @R, Ry — Ro.
(2) The trace pairing induces a trace pairing
trpo/ge : R ®po R'® — R°.

which is almost perfect.
(3) For all open subsets ¥V C X with preimage V' C X, the trace pairing induces an isomorphism

H°(V', 0%, /t)* ~ Hompgs (R /t, H'(V, 0% /1))*.

(4) The triple (X', 2',U") is good.
(5) If X’ — X is surjective, then the map

HO(X,0%/t) — HY (X', 0%, /t) n HO(U, 0% /t)
is an almost isomorphism.
Proof. Omitted. U
Lemma 2.4.5. Suppose we have a filtered inductive system (Réi))ie 7 as in the previous lemma, giving rise
to X, 2(® 14 Assume that all transition maps X9 — X are surjective. Let X’ be the inverse limit of

the X® in the category of perfectoid spaces over K, with preimage ZCXof Z, and Uc )?\Z; of U. Then
the triple (X, Z,U) is good.

Proof. Omitted. U

Lemma 2.4.6. Assume Situation 2.4.3. Let Ag be a ring that is normal, of finite type over F,,, and admitting
a resolution of singularities. Assume further that

(1) Ro= (Ao ®r, K)(u)/(uf —t) for some non-zero-divisor f € Ay.

(2) Iy = JRy for some ideal J C Ay with V(J) C Spec(Ap) of codimension > 2.

(3) Uo ={z € Xy [Tg € J,|g(x) = 1}.
Then the triple (X, Z,U) is good.

Proof. Omitted. U
2.5. The Hodge—Tate filtration.

Lemma 2.5.1. Let C be an algebraically closed and complete extension of Q,. Let A — Spec(C') be an
Abelian variety. Then A has its Hodge—Tate filtration

0 — Lie(A4)(1) — T(A) ®z, C — (Lie(4Y))* — 0.
((todo: ...))

3. SIEGEL MODULAR VARIETIES
Let p be a fixed prime.

Definition 3.0.1. The symplectic similitude group GSp,,, is the reductive group scheme over Z whose points
in a commutative ring R are given by

GSpy,(R) = {2 € GLyy(V); Iv(z) € R*, 2" Qu = v(2)Q}
where ) = [OI é] is the standard symplectic matrix of order 2g.

In the following discussion, we write G = GSpy,. Let K, = G(Z,). Let K? be a compact open subgroup
of G(A°>P) that is contained in
L(N)®) = {g € G(A*P);g =1 mod N}

for some integer N > 3 not divisible by p.
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Definition 3.0.2. Let m > 1 be an integer.

T
Lo(p™) = {9 € G(Zy)g= 0 mod pm}
- *:
Ls(p™) = {g € G(Zy)ig = 0 x mod p™,v(g) = 1 mod pm}
m —1 *— m
I (p ):{geG(Zp),gE 01 mod p }
m _[1 0] m
I'(p ):{QGG(Z;;)g: 0 1 mod p }

Definition 3.0.3. Let S be the Shimura datum associated to a symplectic vector space of dimension 2g.
Then we have the Shimura varieties Shy (S) for every compact open subgroup K C GSpy,(Ay).

Let X be the scheme over Spec(Z ) classifying principally polarized projective Abelian schemes of relative
dimension g with level K? structures. Let X* be the minimal compactification of X as constructed in [FC13,
Chapter V.

For each U € {T'(p™),Ts(p™),To(p™)}, we set Xy o = Shgry(S), which is a scheme over Q with certain
moduli interpretations (see Remark 3.0.4).

Let X be the formal scheme over Spf(Z;yd) defined as the p-completion of XZ;ycl = X XSpec(Zy)
Spec(Zgyd) .

The universal Abelian scheme A — X gives a line bundle w = wy,5 = AY Q}L‘ /X The sheaf w extends
to the minimal compactification X*. The Hasse invariant defines a section Ha € H(Xg, ,w®®~1)). The
section Ha extends to Ha € HO(X];fp,uJ@(p_l)).

Let 2 — X be the universal formal Abelian scheme.

Remark 3.0.4. The moduli interpretations can be described as follows.

(1) Shira(z,),2,,, represents the following problem S +— {(A,\,n)}/ ~ where
e A is a projective Abelian scheme over S of relative dimension g.
e )\ is a principal polarization of A.
e 7 is a level KP structure on A.
(2) Shgwr(pm),q represents the following problem S — {(A, X, 1,7,)}/ ~ where
. (A, A, 77) € ShKPG(Zp),Z(,,) (S)
e 1), is a level T'(p™) structure on A.
(3) Shgwrypmy,o represents the following problem S+ {(A4, A, n, D)}/ ~ where
e (A, \n) € Shirgz,) 2, (5)-
e D is a totally isotropic subgroup of A[p™].
(4) Shgwr, (pm),@ represents the following problem S — {(A, \,n, D,t)}/ ~ where
(] (A7 A7, D) S Sthpo(pm)’Q(S).
o t:uym — Z/p™Z is an isomorphism.
The first and second results are well-known, cf. [Kot92]. For the last two assertions, use the free action of
U/T(p™) on the Shimura variety, where U € {T'o(p™),T's(p™)}.

Definition 3.0.5. Let X’ be the formal scheme over Spf(F,[[t'/(P~VP™]]) given by the t-adic completion of
X Xspec(Zy)) Spec(F,[[t}/®=YP™]]). Let &’ be the generic fiber of the adic space associated to X’. Define
X and A* similarly, with generic fibers X’* and A’.

Definition 3.0.6. Let X°"d* c X* X Spec(Zyy) Spec(F,) be the locus where the Hasse invariant is invertible.
Then X°'4* is affine over F,, (as it’s cut out by an ample line bundle). Let X4 C X XSpec(Z,) SPec(Fp) be
the preimage of X°'* which is the ordinary locus. Let D,, be the quotient A°*4[p™]/C,,, where A°*d — X°rd
is the universal Abelian variety, and C,, is the canonical subgroup of level m. Let Xl’ii‘(ipm) be the scheme
over X°' parametrizing all the isomorphisms D% ~ (Z/p™Z)9. Then Xlgi‘(ipm) — X°*d is finite. Define

ords - 0 ord
Xpi(pmy = Spec(H (Xpl(pm)yongl‘}pm)))'
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Then map Xl‘ljfg;m) — Xord* jg g finite map of affine schemes over F,,, such that Xl‘ij‘(lpm) is the preimage of

Xord Also X{li‘%;m) is normal.

4. THE ANTI-CANONICAL TOWERS

4.1. The Frobenius tower of formal models.
Lemma 4.1.1. Let S be a p-adically complete Zgyd—algebra. There is a bijection
Homg ¢ zever (Spf(S), X*) ~ Homg . zever) (Spec(S), X;;yd).

Speculation 4.1.2. ((todo: check: Let Y be a scheme over Spec(ZS¥!). Let ) be the formal scheme over
Spf (Zf}’d) obtained as the p-completion of Y. Let S be a p-adically complete Zgyd—algebra. Then there is a
bijection

Homg ¢ 7ever) (Spf(95),9) ~ Homspcc(zgyd)(Spec(S), Y).
)

Definition 4.1.3. Let A, be the functor sending a p-adically complete flat Zgyd—algebra S to the set of
pairs (f, [u]), where
e fis a map Spf(S) — X*; it’s equivalent to a map Spec(S) — X7 eyer by Lemma 4.1.1.

e Let f : Spec(S/p) — X5, be the reduction of Spec(S) — X7

Z;ycl'
section Ha € HO(X ,w®®=1). Tt pullbacks to F Ha € H°(Spec(S/p), f w®®=1)). Then [u] is an

equivalence class of sections u € H°(Spec(S), f*w®1~P)) satisfying u - ?*Ha = p¢ € S/p under the
equivalence relation that u ~ u’ if and only if there exists some h € S such that v’ = u(1+ p'~¢h).

Recall that we have the Hasse

Lemma 4.1.4. Then the functor N is representable by a formal scheme flat over Spf(Z&¥®). For Spf(R) C
%%, we have

N, xx- Spf(R &z, ZO) = Spf((R Gz, Z&")(u)/(uHa — p°))
where Ha € H°(Spec(R),w®®1)) is a lift of Ha € H(Spec(R/p), w®®=1).

Definition 4.1.5. Let X(¢) — X be the pullback of X*(¢) — X* along X — X*. Let A(e) — X(¢) be the
pullback of % — X along X(e) — X.

Let X be the generic fiber of the adic space associated to the formal scheme X. Let X(€) be the generic
fiber of the adic space associated to X(¢). Then X admits an open embedding to the X2, the adic space
associated to the scheme XQ;ycl. Let &Xp_(pm) be the inverse image of X under the map le}‘j(pm) — xad

Remark 4.1.6. ((todo: moduli interpretation of X(¢). Should be almost identical to M..))

Definition 4.1.7. For a formal scheme ) over Zgyd anda € Zgyd, we write 9)/a for 9 Xspt(zee)) Spf(Zgyd/a).

Definition 4.1.8. For a formal scheme %) over Zgy"l/p7 we write ) for the pullback of ) along the
(absolute) Frobenius Spf(Z& /p) — Spf(Z¥ /p).

Lemma 4.1.9. We have a natural isomorphism

(X (pte)/m) P =X (e)/p

of formal schemes over Spf (Zgy‘:1 /p). Furthermore, by pullback we get the following commutative diagram

A(p~te)/p)P) —— (X(p~le)/p)P) —— (X*(p~'e)/p)P)

| | |

Ae)/p ——— X()/p ———— X*(9)/p

where each vertical map is an isomorphism.
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Proof. Let S be a ((discrete? flat)) (ZY°!/p)-algebra. Then

(X" (p~"e)/p)(S) = (X" (p~"€) /p) (Fr..5),
where Fr,.S is the the (Z5Y <l /p)-algebra obtained from S by precomposing with Fr : Zgyd /p— Z;yd /p. Each
map Spf(Fr,S) — X*(p~te)/p is equivalent to a pair (f, [u]), where
e f:Spec(Fr.S) — X;;ycl is a map over Spec(Zg¥).
o u € HO(Spec(Fr,S), f*w®1=P)) is a section such that u- f*Ha = pP ¢ € Fr,S. Note that (Fr,S)/p =
Fr,.S since S is defined over Zgyd /-
Recall that X;;ycl = X7 XSpec(z,) Spec(Z¥!), and thus (f, [u]) is equivalent ((todo: should be more precise))
to the following datum
e f:Spec(Fr.S) — X7 is a map over Spec(Zp).
e ((todo: Check the reduction of u)) u € H°(Spec(Fr,.S), f*w®1=P)) is a section such that u - f*Ha =
PP e Fr,S.
Note that the Frobenius on Z,/p = F, is simply the identity, and thus the map Spec(Fr,.S) — Spec(Z,)
is identical to Spec(S) — Spec(Z,). But under this identification the element pP € € Fr,S corresponds to
p¢ € S. Then f : Spec(Fr.S) — X can be reinterpreted as a map g : Spec(S) — X5 over Spec(Z,). We
write v = u for clarity. The section v then satisfies v - g*Ha = p € S. The pair (g, [v])pthen corresponds to
a map Spf(S) — X*(e)/p over Spf(Zf,yCl/p). O
Lemma 4.1.10. The Frobenius map Spf(Zs¥*!/p) — Spf(Z$“!/p) induces the following commutative dia-
gram

Ap~le)/p ——— X(p~le)/p ———— X*(p~'e)/p

| | |

QAp~le)/p)?) —— (X(p~'e)/p)?) —— (X*(p~"e)/p)™
Proof. This follows from the universal property of pullback. O

Remark 4.1.11. ((todo: Explain the moduli interpretation of
X*(p~te)/p— (X*(p7'e)/p)) = X*(e) /p.
)
Speculation 4.1.12. ((todo: check: Let S be a p-adically complete flat Zgyd—algebra. Let f:Spf(S) = X
be a map over Spf(Zgyd). Let A — Spec(S) be the corresponding Abelian scheme. Suppose A — Spec(.S)

satisfies strong O(1,€). Let C be the strong canonical subgroup of A — Spec(S) of level 1. Then B = A/C
satisfies weak O(1,¢). ))

Speculation 4.1.13. ((todo: cf. [Wed99] ))

Lemma 4.1.14. There is a unique commutative diagram
Ap~te) — X(p~le) — X*(p7e)
Ale) — X(e) ———— X*(¢)
that is identified with the following commutative diagram from Lemma 4.1.9 and Lemma 4.1.10, after modulo
plfe'
Ap~rte)/p ——— X(p~'e)/p ———— X*(p'e)/p

! | |
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Proof. ((todo: finish the proof: The map X(p~'e) — X(¢) comes from the moduli interpretation, the weak
canonical subgroup, and the Hasse invariant. Then 2A(p~'e) — 2I(e) is obtained by base-change. The
extension to X*(p~te) — X*(¢) is done using Hartog’s extension principle. ))
We first construct the map X(p~'e) — X(e). Let S be a p-adically complete flat Z&Y'-algebra. Let (f, [u])
be a pair where
e f:Spf(S) — X is a map of formal schemes over Spf(ZgyCl); its equivalent to a map f : Spec(S) —
Xy
e u € HO(Spec(S), f*w®1=P)) is a section such that u - f Ha =pP ¢ € S/p.
The map f : Spec(S) — Xgever gives an Abelian scheme A — Spec(S) ((todo: with principal polarization
and level KP structure)). We claim that A — Spec(.S) satisfies strong O(1,¢€), i.e. Ha(A;/Spec(S7))? divides
p¢. This follows from
PP =u- f'Ha = u - Ha(A;/Spec(St)).
Let C' C A[p] be the strong canonical subgroup of level 1. We get an Abelian scheme A/C — Spec(S) ((todo:
explain: equipped with induced polarization and level structure: use totally isotropic)), which corresponds
to a map g : Spec(S) — XZ;ycl. This gives a map X(p~te) — X. We will show next that it can be factored
as X(p~le) — X(e) — X.
((seems wrong: Then we declare that the pair (f, [u]) gets mapped to the pair (g, [uP]). ))
((seems wrong: By Speculation 4.1.12, the quotient A/C — Spec(S) satisfies weak O(1, €), i.e. there exists
a section v € HO(Spec(S),7*w®1~P)) such that v - g*Ha = p¢. Then we declare that the pair (f,[u]) gets
mapped to the pair (g, [v]). We need to check that [v] is well-defined. ((wrong!)) It suffices to show that
g*Ha = Ha((A/C)1/S51) is not a zero-divisor. Otherwise, for every geometric point x of Spec(S), the Abelian
scheme (A/C), is not ordinary. This contradicts Speculation 4.1.13. Therefore we obtain a well-defined map
X(p~te) = X(e). )
Let B = A/C. We have
p¢ = uP - Ha(A;/Spec(S1))P = uP - Ha(Agp)/Spec(Sl)).
Modulo p'—¢,
pf=uP - Ha(A(ﬁ)e/Spec(Sl_e)) = uP - Ha(B;_./Spec(S1-¢)).
Thus there is v € H°(Spec(S), g*w®~P)) such that v = u? mod p'~¢ and v-Ha(B; /Spec(S;)) = p¢ mod p'~¢.
Hence
v-Ha(By/Spec(S1)) = p* +p' "t =p (1 +p'>t) e S/p
for some t € S.
((check: 1+ p'=2¢ is invertible in S)) Then
(1 +p'~2“t)" v - Ha(B;/Spec(S1)) = p° € S/p.
(This shows that B is weak O(1,€¢).) We claim that the pair (f,[u]) gets mapped to the pair (g,[(1 +
pi2et) 1)),
e First check this map is well-defined.

— Any choice v’ € [u] leads to u? = (u/)P mod p'~¢.
— Now choose another lift v 4+ p!=<v’ of v.
[ ]

Another attempt at constructing the factorization X(p~te) — X(e) — X.
e We already know that B is weak O(1,¢), i.e. there exists a section v € H(Spec(S/p), 7 w®1—P)
such that
v-Ha(B1/S1) = p° mod p.
e Modulo p'—¢,
p* =v-Ha(Bi_/S1-¢) =v- Ha(A@e/Sl,E) =uP- Ha(AgIL)E/Sl,G) mod p* €.
e Then
(v—uP)-Ha(A®_/S1_.) = 0 mod p'~*.
e Maybe Ha(4'"”)_/S)_.) is not a zero-divisor in S/p'~<.
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e Then v = u? mod p'~¢.

Another attempt at constructing the factorization X(p~te) — X(e) — X.
o Let Spf(R) C X on which w is trivial.
e Choose a lift Ha € H(Spec(R), w®®=1) of Ha € H(Spec(R/p), w®®=1).
o We want

Spf(R(u)/(u - Ha — p°))

Spf(R(u)/(u - Ha —p?~ ') ————— Spf(R).
In other words,

R(u)/(u - Ha — p°)

Ru)/(u-Ha—pP '¢) «— R

We need to show that X(p~le) — X(e) extends to X*(p~te) — X*(e) ((cf. the remark in Lemma 4.1.4)).
o We’d like to apply Lemma 2.2.6 for the case g > 2.
e Let Spf(R) C X7 ((such that w®®=1) is trivial on Spf(R))). This gives an affine open Spf(R ®z,
Zgyd) of X*, and such affines cover X*.

o Check that R is a topologically finitely generated flat p-adically complete Z,-algebra, and that R/p
is normal.

e Check that Ha € H°(Spec(R/p), w®®~1)) ~ R/p not a zero-divisor, where w is the natural (ample)
line bundle on X .
— Spec(R/p) is an affine open in Xj; as Spec(R) is an affine open of X7 .
— We have inclusion of opens

Xg'd C Xz, C Xp .

The first inclusion is dense by Lemma 77, and the second is dense by the property of minimal
compactification ((todo: add reference)).
— Thus the intersection
Spec(R/p) N X]P‘?;d
is non-empty.
— Therefore Ha is not a zero-divisor since it is non-zero at a point.
We need a map

X' (p~'e) xx- Spf(R 8z, Z5) = X"(€) X2+ Spf(R &g, Z')

Choose a lift Ha € H(Spec(R),w®®~1) ~ R of Ha € R/p.
Let S. = (R &z, Z3')(w)/(u - Ha — p°). Tet Sy1, = (R Bz, Z)(u)/(u- Ha - p ). Then we
need a map

Consider the pullback diagram

U —— Spec(R/p)

J |

Xp —— X2 .
P Fp

Then U is an open in Spec(R/p). Let Y be the complement of U in Spec(R/p).
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e Check that Y has codimension > 2 in Spec(R/p). This follows from that ¥ N X, = () and that
boundary of Xp has codimension g > 2.
e Let Z be the preimage of Y in Spf(Sc). Then Lemma 2.2.6 shows that the natural map

H(Spf(Se), Ospics.)) = H(SpE(S)\Z, Ospi(s.))

is an isomorphism.
e Define i by the pullback diagram

U —— Spf(R &z, ZI)

| |

X — X%
e Now we need to construct

X(p~le) xx 8 —— Spf(S,-1,)

e We claim that X(e) xx L = Spf(S)\Z.

4.2. The anti-canonical tower of level I'.

Construction 4.2.1. Let m > 1.
We first construct a map X(p~™¢) — X. Let S be a p-adically complete flat Zgyd—algebra. Let Spf(S) —

X(p~™e€) be a map over Spf(ZF). It corresponds to a pair (f, [u]) where
e f:Spec(S) = Xyevar is a map over Spec(ZZY).
o u € H(Spec(S), f*w®1~P)) is a section such that w - FHa=pr "¢in S/p.
The map f : Spec(S) — X, eva gives an Abelian scheme A — Spec(S). The section u shows that A — Spec(S)
satisifies strong O(m,¢€), and thus has a strong canonical subgroup C,, C A[p™] of level m. The Abelian
scheme A/C,, — Spec(S) has induced principal polarization and level structure, and thus corresponds to a
map Spec(S) — X e, which gives a map Spf(S) — X over Spf(ZY).
P
Passing to the adic fiber (i.e. the generic fiber of the associated adic space), we get a map X (p~™e) — X
of adic spaces. Now we construct a factorization X'(p~"e€) — Ap_(m) — &, where the map Ap_ m) — & is
given by the moduli interpretation “(A, D) — A/D”.
((todo: construct the factorization))

Lemma 4.2.2. For each m > 1, the X(p™"™¢) — Ap_(pm) extends uniquely to X*(p~™e) — AT (pm)» and
both maps are open immersions of adic spaces. Moreover, the following diagram

X* (p—m_le) —_— X;S(p7n+1)

! !

X*(p~ ™€) —— AL, (pm)

is a pullback diagram for all m > 1, where the vertical map on the left is induced from the map X(p~™ te) —
X(p~™¢), cf. Lemma 4.1.14.

Proof. ((todo: write down the proof))

e Extension to minimal compactification:
e Open immersion:
— The map 6 : Xy — Xever defined by A +— A/A[p™] is an isomorphism.
P P
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The following diagram

X(p~me) —— X

| !

Xad 0 N Xad

commutes.
— So the composition X*(p~™¢) — Xp_(pm) — A is an open immersion.
— The map Xt ,m) — & is finite étale.
— Thus the map X(p~"€) — Ap_(pm) is an open immersion.
— Then pass to minimal compactification as follows.
— We'd like to apply Lemma 2.2.6.
e Pullback diagram:
— First show that

X(pimfle) — Xl“s(pm+l)

| !

X(p_mﬁ) e XFS(pWL)

is pullback diagram.
— Commutativity of the diagram:
— It is a pullback since both vertical maps are finite étale of degree p9(9+1)/2,
— Then pass to minimal compactification.

Definition 4.2.3. Let & _(,)(€) be the pullback of X'(¢) along Ap_(,) — X.

Lemma 4.2.4. The following diagram

X(p~te) —— X (p(e)

|

X(e) —L— x(e)

commutes. Moreover, the map X(p~'e) — X () (€) is an open immersion, and the image of X(p~'e) in
AT, (p)(€) is both open and closed.

Definition 4.2.5. ((todo: how to make this statement precise? do we actually need this?: Let AT p)(€)q
be the open and closed subset of At (,)(€) “parametrizing those D C A(e)[p] with DN C = {0}”.))
Let X () (€)a be the image of X (p~'e€) in X, (€). Let XY () (€)a be the image of X*(p~'e) in XY () (6)-

Let X7 () (€)a be the pullback of A7 ) (€)q along AL (.. (€) = AF () (€).

Remark 4.2.6. A} (€)q is both open and closed in X7, (€).
Lemma 4.2.7. For m sufficiently large, Xll:(pm)(e)a is affinoid.

Proof. ((todo: write down the proof))

e There exists an integer m > 0 such that Hi(Xip,wQ@pm(p_l)) =0 for all 4 > 1, since w is an ample
line bundle on X%p.

o We can find a lift s € HO(Xz ,w®" P=1) lifting Ha?" € HO(Xg ,w®"(P=1). ((todo: add a proof;
should follows from vanishing of first cohomology; maybe use a short exact sequence of quasi-coherent
Ox-modules, and then pass to a long exact sequence))

e The condition [Ha| > |p|P” "€ is equivalent to |s| > [p|c.

e The condition defines an affinoid space X*(p~™¢) ~ Xl’fs(pm)(e)a.
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Lemma 4.2.8. There exists a unique perfectoid space Xli‘s(poo)(e)a such that

XFS(poo) (e)a ~ limm les(pm) (e)a.

Similar results hold for Xp_(pe)(€)q and Ap_(pee)(€)a-

Proof. ((todo: use tilting))
e Define

Lemma 4.2.9. The tilt X*

X, (poe) (€)a = limy, X(p~™e),

where the inverse limit is taken in the category of formal schemes over Spf (Z;yd). Note that the
transition maps are finite.
Let Spf(R.,,) C X(p ™€) be affine. Let Spf(R,,) C X(p ™€) be the preimage of Spf(R,,,) for
m > mg.
We get an affine open Spf(R.,) of %iis(px)(e)m where R, is the p-adic completion of colim,, R,,.
Then R, is flat over Zgyd.
The transition map R,,/p'~¢ — R,11/p' ¢ agrees with the relative Frobenius. The absolute Frobe-
nius then induces an isomorhpism

Roo/p(lfe)/p = colim,, Rm_s_l/p(l*p)/p ~ colim,,, R, /p' ™€ = Roo/p* <.
Thus RY, is a perfectoid Z$Y°h-algebra, cf. [Sch12, Definition 5.1.(ii)].
Then Ruo[1/p] is a perfectoid Q5Y-algebra, cf. [Sch12, Lemma 5.6].

Then the generic fiber of X7, (pm)(e)a is a perfectoid space Xr*s(pm)(e)a over Q! and

Xf*:(poo) (E)a ~ hmm Xﬁs(pm) (E)a,
cf. [SW13, Definition 2.4.1, Proposition 2.4.2].
Uniqueness follows from [SW13, Proposition 2.4.5].
O

I1§(pm)(e)'(’l identifies naturally with the open subset X"*Pf(¢) C A"*Perf where

|[Ha| > |t|°. The similar result holds for A.
Proof. ((todo: split the proof))

We define X'*(¢) — X in a way similar to X*(¢) — X*, parametrizing sections u € w®(1~P) such
that u - Ha = t°.
We have the map

X*(pte) = X*(e)
given by the raltive Frobenius.
The inverse limit lim,,, X"*(p~"¢) is representable by a perfect flat formal scheme over F,[[t!/(P=1r™]]
which is naturally the same as X*(¢)Pe.
Its generic fiber is thus a perfectoid space over F,((t!/(P=1P™)) that is identified with the open
subset of X"*Perf where |Ha| > |t|°.
We have a canonical identification

xl* (pfme)/tlfe ~ x*(pfme)/plfe
compatible with transition maps.
For an open affine Spf(R,,,) C X*(p~ ™€) with preimages Spf(R,,), we get affine opens Spf(S,,) C
X™(p~™¢), with
Sm/t17€ _ Rm/plfe.

e Let R, be the p-adic completion of colim,, R,,. Let S, be the t-adic completion of colim,, Sy,.
e Then Spf(Ruo) C Xr,(p)(€)q and Spf(Ss) C X*(€)P! give corresponding open subsets, and

Rm/plf6 = colim,, Rm/pk6 = colim,,, S, /t1 7€ = Soo /t1C.
Tt follows that Roo[1/p] and So[1/t] are tilts by [Sch12, Theorem 5.2].

Lemma 4.2.10. The space Xi(pw)(e)a is affinoid.
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Proof. ((todo: use tilting))

o It suffices to check for the tilts.
e The open subset X"*(e) C X'* given by |Ha| > |¢| is affinoid.

4.3. Lifting to level I';.

4.3.1. Specialized version of Tate’s normalized trace.
Lemma 4.3.1. Let Xp, (p~)(€)a be the formal scheme over Spf(Z$“!) defined as
Xr, (p)(€)a = lim,, X(p~™™e).
Let 0 < m <m'. Then
(1) The maps
1/p(m =Tt 2 Oy s [1/p] = O [1/p]

are compatible for varying m’, and thus induces a map
tTum s limyy, O:{(p*m’e) [1/p] — O%(p*me)[l/p]'

(2) The image of tr,, is contained in p~= Ox(p-me) for some constant Cp,, with Cp, — 0 as m — +o0.
Thus tr,, extends by continuity to a map

Hm : O%ps(poo)(e)a[l/p} — O%(p*me) [1/p]7

called Tate’s normalized trace.
(3) For every @ € Ox,._(,00,(e). [1/P], We have

T = limy, s 1 oo tT, (7).

Proof. Omitted. U

4.3.2. A general result.

Situation 4.3.2. Let an integer m > 1 which is sufficiently large such that Xl’fs(pm)(e)a is affinoid, cf.
Lemma 4.2.7. Let Y} — Xli‘s(pm)(e)a be a finite morphism. Let ), — Ap_ ,m)(€)a be the pullback of
Vi = XL (pm)(€)a along Xp (pm)(€)a = AL (,m)(€)a. Assume that

(1) The map YV, — &r_(pm)(€)q is finite étale.

(2) Y is normal.

(3) None of the irreducible components of ;, is mapped into the boundary of X7 . (€)a-

For m’ > m, define V},, — les(pm/)(e)a to be the ((todo: normalization??)) pullback of V5, — &} (. (€)a
along XF”‘s(pm,)(e)a — Xli‘s(pm)(e)a. Define YV, — er(pm/)(e)a by pullback. Let Vs be the pullback of Y,
to Xp_(p)(€)a, which exists as Y, — A, (pm)(€)q is finite étale.

Since every les(pm/)(e)a is affinoid, each ¥, is affinoid. We write Y, = Spa (S, S;",).
((todo: scholze says S, = S°,7?))

Lemma 4.3.3. In the Situation 4.3.2, we have

(1) For all m’ > m,
St =H(Vm, O3 ).

(2) The map
colimp,s S, = H? (Yoo, O3, )

m/

is injective with dense image. Moreover, there is a canonical continuous retraction

Ho(yoo,wa) — Sm/.
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(3) Assume that Seo = H(Voo, Oy_) is a perfectoid Q5¥-algebra. Then
Vi = Spa(Se, S%)
where ST = S2 | is an affinoid perfectoid space over ngd, and
Vo, ~lim,, Y,
and ST, is the p-adic completion of colim,, S;,.

Proof. Proof of (1). By replacing m with m’, it sufficies to prove the claim for m’ = m. The desired
isomorphism is automatic if we have the following isomorphism

Sy 2 HY(Vim, Oy,,,).
Write R = HO(X;S(p,,,L)(e)a, O (pm)(e)a). By the assumption, the map R — S, is finite and étale away

r
from boundary (recall that m is sufficiently large such that X} . (€)a is affinoid). Let Z C Spec(R) be
the boundary, which is of codimension > 2. Then the preimage Z’ C Spec(S,,) is also of codimension > 2
by Condition (3) in Situation 4.3.2. Both S,, and R are normal and Noetherian. Hence Lemma 2.2.4 shows
that
Sm = HO(SpeC(Sm)\ZI, OSpcc(Sm))7 R = HO(SpeC(R)\Z, OSpcc(R))'

Since the map R — Sy, is finite étale away from boundary, we have a trace map Ogpec(s,,)|Spec(Sm)\27 —
Ogpec(R)|spec(r)\z- Taking global sections and identifying using the two isomorphisms above, we obtain the
map trg, /g : Sy — R. The next claim is that the associated pairing

Sm SR Sm —>R, 81 & So *—)tI‘Sm/R(Slsz)

induces an isomorphism S, ~ Hompg(S,, R). To see this, let s; € S, be an element lying in the kernel.
Then it lies in the kernel of the pairing away from the boundary, on which it is perfect as R — S, is
finite étale away from the boundary. Hence s; = 0 away from the boundary, and thus is zero (by Hartog’s
extension principle, again). Similarly, any element of Hompg(S,,, R) comes from a unique eleement of Sy,
away from the boundary, and thus from an element of S,,.

For an affinoid open subset U of XI:“S(p,,L)(e)a with preimage V C V7, repeat the argument above, and we
obtain an isomorphism

HO<V, Oy:n) ~ HOmR(Sm7 Ho(ua OX*s(pm)(E)a))'

T

These isomorphisms can be glued such that the same isomorphism holds for every open subset U C

XY (pmy (€)a- Take U = Ap (pm)(€)a and we are done.
Proof of (2). We need to show that the map colim,, H*(Vmr, 0F ) = H(Vso, OF, ) is injective. ((todo))
Proof of (3). This is a direct corollary of (2). O
4.3.3. zzz.

Definition 4.3.4. Note that on the tower X (,m)(€)q, we have the tautological Abelian variety A?s(pm) (€)a
(which are related to each other by pullback), as well as the Abelian varieties Ap_(pm)(€)a = A(p~"€) over
A, (pm)(€)a =~ X(p~™e). They are related by an isogeny

AFs(pm)(E)a — A%S(pm)((?)a
whose kernel is the canonical subgroup C,, C Aps(pm)(e)a[pm] of level m. We get an induced subgroup
D,, = Ars(pm)(e)a[pm]/cm C A%S(pm)(G)a.

Let D 'y be the pullback of Dy, to Xy (,m)(€)a for m’ > m. We have

mDs(p

’

Dyr. 'y = Do [pP™ -
Also, the D,, give the I's(p™) level structure. Let D,,p (,~) be the pullback of D, to X (,=)(€)q. Since
Dy — &, (pm)(€)q is finite étale, D, (py is a perfectoid space.
Lemma 4.3.5. The map
Ar, (p>)(€)alp™] = D, (p)
is an isomorphism of perfectoid spaces.
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Proof. Let (R, R") be a perfectoid affinoid Q;yd—algebra. Then
Ar(pe) (€)a[p™ (R, RY) = limpy Ap () (€)alp™] (R, RT)
The transition map
Ap, o (©alp™] = Ap, oy (alp™]
kills the canonical subgroup Ciy, of level m (of Ap_(,m/+m)(€)a), so it factors as
Ar, (pmr+my(€)a[p™] = Ap, (prr+m) (€)a[p™]/Crm = D, (pm+my = Ar, (ymy (€)a[p™]
This shows that the desired isomorphism holds, since

Dyr.(pe) (R, RT) = lim,,,s D (R, RY).

mDs(p

]

Definition 4.3.6. Let D), be the quotient A’(e)[p™]/C},, where C!, denotes the canonical subgroup of level
m of A'(¢). We have D!, — X’(¢) C X’. Note that all Abelian varieties over F,((t!/®=1P™)) parametrized
by X”’(€) are ordinary, as the Hasse invariant divides ¢¢ which is invertible.

Lemma 4.3.7. The tilt of D,,p_,~) identifies canonically with the perfection of Dy, .
Proof. Recall from the uniqueness of canonical subgroups (cf. Lemma 2.1.5) that
Cl(R') = {s € A(p™](R') | s = 0 mod p=9/#"},
So C! is the killed by the Frobenius map. Thus passing to perfection kills C/,, and hence
D;[;erf _ AI(E) me]perf.
Recall that Ap_(pe)(€)’ = A’(e)P°™, cf. Lemma 4.2.9, we conclude that
DR = Ar, (=) (€)alp™].
Finally, combine with Lemma 4.3.5 and we obtain

mperf __ b
Dm - Dmrs (p>)"

Definition 4.3.8. Let X/*

Fl(pm)(e) be the open locus of the adic space associated with

Xy ®r, Fp(t/ D7)
where |Ha| > [¢|°. Then
Ty (€) = X7 (e)

is finite, and étale away from the boundary. In particular, the base-change X{. (,m(€) = X'(e) C X" (e) is

finite étale, parametrizing isomorphisms D!, ~ (Z/p™Z)?. Let Z™*(e) C X"™*(¢) denote the boundary, with
pullback Z’F*l (pm)(e) C XI’J‘; (pm)(e).

Lemma 4.3.9. The triple (X" ()P, Z/*(e)Pef X7(¢)P!) is good, cf. Definition 2.4.1.

Proof. Recall that X"*(€) is the generic fiber of the formal scheme X™*. In the light of Lemma 2.4.5, it sufficies
to prove the similar result after restricting to every affine open of X*, and this is given by Lemma 2.4.6. Note
that X* @z, F, admits a resolution of singularities given by the toroidal compactification, cf. [FC13]. O

Lemma 4.3.10. The triple (Xli’i (™) (o)

Proof. Combine Lemma 4.3.9 and Lemma 2.4.4. O

(E)Perf7 Zf‘*l (€>perf7 X!

Fl(pm)(e)lf’e’rf) is good.
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4.3.4. Back to the tower. Now fix m > 1, and consider Y, = Xffl(pm)(e)a — X;U(pm)(e)a.
In the following, we denote YV = Ry (pm)(e)a.

Lemma 4.3.11. The tilt of Y identifies with A} (e)pert,

(™)
Proof. Recall that the map Xli‘l(pm)(e)a — Xli‘o(pm)(e)a is finite étale, and thus the base-change Y, —
Ar, (pm)(€)a is also finite étale. Hence the map Voo — Ap_(pe)(€), is finite étale as it is a pullback of V.
Recall from the moduli interpretations that the map Yoo — &p_(p~)(€)a parametrizes all isomorphisms
Dy py =~ (Z/p™Z)9 ((todo: ref)). Apply Lemma 4.3.7, we see that the tilt of ), parametrizes all
isomorphism D/Pe™ ~ (Z/p™7Z)9. Therefore the tilt of ), identifies with Xlil(pm)(e)perf, cf. Lemma 4.2.9. O

Remark 4.3.12. Note that Y;\0 — A7 ,m)(€)a\0 is finite étale. By pullback we get a perfectoid space
V3 \O = AL () (€)a\0- We warn the reader that Y3, is not defined yet.

s(p>

Lemma 4.3.13. The tilt of Y% \0 identifies with Xli’; (o

) (e)perf\a.

Proof. Let Xl’ﬁ;(pm)(e)pcrf = Spa(T,TT), cf. Lemma 4.3.10. Let (U, UT) be the untilt of (T,7TF). Using
Lemma 4.3.11 and taking global sections, we obtain a map

Ut = H(Ve, 05 ) = SE.

Recall that ST is the p-adic completion of colim,, S;,, cf. Lemma 4.3.3. Thus we have a map of adic
spaces Vi \0 — Spa(Seo, SL). Combining the two maps and YV* \0 — Vi \9, we get Y\ — Spa(U,U™).
The two spaces are finite étale over Xr*s(poo)(e)a away from boundary, cf. Lemma 4.2.9, Definition 4.3.8,
and Remark 4.3.12. Finally, we can apply Lemma B.0.3 with Lemma 4.3.9 and Lemma 4.3.11, i.e. to the

following diagram

yfo ~ Xl/“l ™) (e)perf
(y;o\a)b \ Xr’f';(pm)(e)pcrf\a
(les(poo) (E)a\a)b ~ X'* (6)perf\a.
Therefore the tilt of Y3 \0 identifies with AT (pm)(é)perf\a O

Lemma 4.3.14. The ring So, = H°(Vso, Oy,.) is perfectoid, and the tilt of V% = Spa(Swo, S1) identifies

with Xli’; ™) (e)Pert.

Proof. Let Xf’;(pm)(e)perf = Spa(T,T"), cf. Lemma 4.3.10. Let (U,U") be the untilt of (T,7"). Using

Lemma 4.3.11 and taking global sections, we obtain a map
Ut = H(Vso, 0F_) = S%.
It sufficies to show that this map is an isomorphism. It’s clear that we have an injection ST /p —

H°(Yso, 03, /p). Hence the map

(U /p)* = HO (XL, () (€7, OF [1) — HO(Xy., (o ()P, OF /1)) = H (Yoo, OF [p)* = (S L /)"

(™)
is injective, cf. Lemma 4.3.10. So UT — ST is injective.
Now we prove the surjectivity. We have a map

(S5/p)* = H (VIO OF ) = HO(AE, () (€)PN\D, OF /1) 2 HO (AT (o ()P, OF /1) = (U™ /p)?,

where the first isomorphism is provided by Lemma 4.3.13, and the second isomorphism is provided by
Lemma 4.3.10. Hence the proof is complete. O
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Lemma 4.3.15. For any m > 1, there is a unique perfectoid spacae AT, (€)q over (@;yd such that

(pm)NTs(p=°)
T () (po=) (€)a ~ My XXy p oy (€)as

Moreover, Xli‘l (pm)mrs(pw)(e)a and all Xli‘l (pm)Ta (o)

(€)q for m’ sufficiently large are affinoid, and
colitmyn HYUXL, (n)p, (prury () O) = HAE, o, (o) (s O)

has dense image. Let ZFl(pm)ﬂFS(p"o)(e)a C &Y (pm)nr. (p=) (€)a denote the boundar, and Xt (ym)ar, (=) (€)a
the preimage of AT, (,)(€)a C AT, (p)(€)a- Then the triple

(XL, (pm)r. (=) (E)as 21 (pr) AT (p) (€)as ATy (pr) T (poe) (€) a)
is good.
Proof. This follows directly from Lemma 4.3.3 and Lemma 4.3.14. |
Lemma 4.3.16. There is a unique perfectoid space Xli‘l(pm)(e)a over @gyd such that
lel (p>) (E)a ~ hmm XI:KI (pm,)(€)a.
Moreover, Af\, (o) (€)a and all X7 ..\ (€)a for m sufficiently large are affinoid, and

colim,, HO(XFI( (€)a, 0) — HO(lel(poo)(e)a,O)

™)
has dense image. Let Z[\ «)(€)a C &Y () (€)a denote the boundar, and X, (,e)(€)a the preimage of
X, (p)(€)a T A1, (p)(€)q. Then the triple

(AT, () (€)as 21, (po) (€)a, Ay (p) (€)a)
is good.

Proof. Pass to the limit on m in Lemma 4.3.15 for the first claim. Apply Lemma 4.3.3 for the second result.
Finally use Lemma 2.4.5 for the last assertion. ]

4.4. Lifting to level T'.
Lemma 4.4.1. For every m > 1, the map

XF*(p’”)(da — A (p’")(e)“
is finite étale.

Proof. First take ¢ = 0. We claim that we have a decomposition
le(pm)(())a ~ |_| X;l(pm)(O)a.
Li(p™)/T(p™)

((todo)) O

Lemma 4.4.2. There is a unique perfectoid space AT, (€)q over (@gyd such that

(p>)
le(pm,)(G)a ~ limm le(pm) (G)a.

Moreover, Af\ ) (€)a and all X7 ..\ (€)q for m sufficiently large are affinoid. The triple

(X (poe) (€)as Zr(pe) (€)as Xr(pe) (€)a)

(p=°)

is good.

Proof. This follows from Lemma 4.4.1, Lemma 4.3.16, and almost purity. |



20 TIANJIAO NIE

5. THE HODGE-TATE PERIOD MAP
5.1. The map of topological spaces.
Definition 5.1.1. The topological space [}, )| (resp. [Xr(pec) ], | Zr(pe)|) is defined as the limit limy, [ A}
).

Definition 5.1.2. Let K be a complete non-Archimedean field extension of ngd. Let K™ C K be an open
and bounded valuation subring. We define

Xfwk(poo) (K, K+) = hmm le(pm)(K’ K+)

(™)
(resp. limy,|Xpgm),

limm | ZF(p'nL)

Construction 5.1.3. We now construct the map

[mar| [ ooy N 2T ey | = [F.
Let € | X7, )[\|Z} )| be a point. Denote its image by xn € |Xy,m)[\[Zf,m)| for m > 1. The point
Ty, induces a map ¢y, : Spa(Ly,, L}) — Xli‘(pm)\Zp(pm) X“d Qevel” cf. Lemma B.0.4. Note that L,,

T(pm)Q
is the completion of the residue field of z,,, and (L., L)) is a non-dlscrete affinoid field. The extension

Lyi1/Ly, is finite, and thus there exists a unique minimal non-discrete affinoid field (L, L™) containing

all of (L,,,L}). Hence we get a map ¢,, : Spa(L, L") — X‘““(i Qe that factors through Spa(Ly,, L}).

Restricting to the unique generic point Spa(L,Or), we get a map of schemes Spec(L) — ( ™),y The
moduli interpretation gives a principally polarized Abelian variety A over L of dimension g, Wlth kevel
structure 0y, : A[p™](L) — (Z/p™Z)?9. We then get a map n,, : T,,(Ap) — Z29 by varying m. Let C' = L be
the completion. Then we have the Hodge—Tate filtration

0 — Lie(Ac) = T,(Ac) ®z, C ~ C*.

In other words, we obtain a g-dimensional subspace of C29, which then gives an L-point of FI, and finally
we obtains an Spa(L, Op,)-point of .Z¢. Since F1 is proper, it extends to a map Spa(L, L™) — Z¢.

Lemma 5.1.4. There is a G(Q,)-equivariant continuous map

[mar| - |le(p°°)|\‘zr(p°°)| — [ A,
defined by sending a point x € (Xl’f(poo)\Zp(poo))(K, K™) correpsonding to a principally polarized Ablian
variety A/K and a symplectic isomorphism « : T,A — Z29, to the Hodge Tate filtration Lie(A4) C K9,
Proof. We show the continuity. Let S = X*\Z = Xawd be an adic space. Let g : Ag — S be the universal
Abelian variety. By [Sch13a, Theorem 1.3], we have almost ismorphisms

(R'g.Z/p" L) ®z/pnz, OF [p" — R'g.Of_/p"
for all n > 1. Passing to the limit over n > 1, we obtain an isomorphism
R'9.Z, @z Os = R'9.0a,

of sheaves on the pro-étale site Spr0sc. Hence we get a map

(RIQ*OAS) Rog @S — ng*@AS.

The adic space S can be covered by affinoid open subsets {U;}, such that each U; is the bottom level of an
affinoid perfectoid obJect (Ui,5)jes in Sprosr such that all transition maps are finite étale surjective. Let Ul m
be the base change of U from S to AL m)\Zp(pm) By almost purity, Ul m is affinoid perfectoid, as Ul is
affinoid perfectoid. Hence we have an afﬁn01d perfectoid space

[/ji,oo ~ hmm ﬁi,m7
which is also the affinoid perfectoid space associated to the following affinoid perfectoid object in Sprost
V = (Ui x5 X pm) \Zrpm))jem>1-

Evaluating the map
(ng*OAs) Rog Og — ng*Zp ®2p Og
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at V gives a map
Lie(As) ®0y Oy — 0‘2/9
which is injective, and the image is totally isotropic. Hence we obtain a map of adic spaces
ﬁi,oo — H.
We have the following commutative diagram

| |

Uil X151 (12 ooy N[ Zrpoe) [) — [ X o) N[ 21 o) |

The map |UZOO| = Uil X1 (|7 (poe)[\[Zr(p==)|) on the left is continuous, open, and surjective. Hence
the restriction [Us] X g (X7 ,00)[\[Zr(pe)|) C [ ooy [\ Zr(pee)| — | F2] is continuous. Therefore the map
[mar] « [ AR ooy [\ 2T (pee) | = [F1] is continuous. O

Lemma 5.1.5. The preimage of F#(Q,,) C |#¥| under |myr| is given by the closure of

| (o) (O) N[ Zr(poe) ()]
Proof. First, note that | X7 ) (0)[\| Zr(pe)(0)| is a retro-compact open subset of the locally spectral topolog-
ical space |} o) [\|Zr(p=)|. Hence its closure is equal to the set of specializations, cf. [Hoc69, Theorem 1],
and thus the set of points x € [} <) |\|Zr(p=)| whose maximal generalization 2 € |X} ) (0)[\|Zr(pe<)(0)]-

Also, F(Q,) is stable under generalization and specialization. Combining these results, it suffices to prove
that for every maximally general point x € |X7 o) [\|Zr(p)[, we have z € |XF ) (0)[\[Zr(pe<) (0)] if and
only if |ryr|(x) € FU(Qp).

Let C be an algebraically closed complete non-Archimedean extension of Q,. Let z : Spa(C,O¢) —
Xf\k(poo)\zr‘(pao). By the moduli interpretation, it corresponds to a principally polarized Abelian variety A
over C, with the infinite level structure 7 : T,,(A) — Z29. Let G/O¢ be the Néron model of A/C. The point
 lies in A7) (0)\Zr(pe<) (0), i.e. the Hasse invariant of A is invertible, if and only if B is ordinary, where

(p>

B/O¢ is the Abelian variety fitting into the exact sequence
0-T—G—B— 0,

where T is a split torus over O¢, cf. [Sch13b, Proposition 4.15], if and only if B[p™] ~ (Q,/Z,)? x Ngm.
Also, |mur|(z) € F(Qy) if and only if Lie(G) ®o, C C Tp@ ®z, C is a Q,-rational subspace, if and only if
Lie(B) ®o. C C T,B ®z, C is a Qp-rational subspace.

Now suppose B is ordinary. Then the Hodge-Tate filtration is (Q,-rational, as it measures the position of
the canonical subgroup of level m under 7. In particular, we have |mu7|(z) € F(Q,).

Conversely, suppose |mur|(z) € F(Qp). By [SW13, Theorem 5.2.1], the p-divisible group B[p™] corre-
sponds to a pair (T, W), where T = T,,(B[p>]) is a free Z,-module of finite rank, and W is a C-subvector
space of T'® C(—1). The subspace W is a Q,-rational totally isotropic subspace as |mur|(z) € F(Qp).

Since all such subspaces are contained in one orbit under the action of G(Z,), we conclude that B[p™] ~
(Qp/Zp)?? X pije, and thus B is ordinary. O

Lemma 5.1.6. The set #¢(Q,) is equal to the intersection of all of its open neighbourhoods in .Z¢.
Proof. This follows directly from the fact that .#¢(Q,) is stable under generalizations. O

Lemma 5.1.7. The quasi-compact open neighbourhoods of .#¢(Q,) are cofinal among all open neighbour-
hoods.

Proof. The flag variety Flg, is projective, and thus .#¢(Q,) = F1(Q,) is quasi-compact, as the induced
topology is the same as the p-adic analytic topology. Then we conclude by the fact that the topology of .#¢
is generated by quasi-compact open subsets. O

Lemma 5.1.8. For any open subset U C % containing a Q,-rational point, we have G(Q,) - U = .Z¢.
Proof. Omitted. |
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Lemma 5.1.9. Let 0 < € < 1. There is an open subset U C % containing .#¢(Q,) such that
|| (U) C A oo (€) N Zr(pee) (6)]-

Proof. By induction on g > 0, it sufficies to prove the similar result for the restriction 7 = |mur| : |Xp(pe)| —
|:#¢] to the good reduction locus. We shall show that there exists an open subset U C % containing .#¢(Q,)
such that 7=1(U) C |Xp(pe)(€)|, i-e. [Ha| > [p|® on U. Consider the constructible topology |Xp(pee)|cons- It is
the coarest topology such that every quasi-compact open subset becomes open and closed. Hence 7= 1(U) is
closed in the constructible topology for every quasi-compact open neighbourhood of F#(Q,,), as the map 7 is
quasi-compact. The complement [Xp(pec)[\|Xp(pe)(€)] is closed and thus quasi-compact in the constructible
topology. Also, we have

[Xrpe) O] =77 HFUQ) =[] 71 (U) C [ Xrgee)(e)],
FUQp)CU

by combining Lemma 5.1.5 and Lemma 5.1.6. Finally we obtain a desired open U satisfying 7= 1(U) C
| X (pe)(€)| by Lemma 5.1.7. O

Lemma 5.1.10. Let 0 < € < 1. There are finitely many ~1,...,v € G(Qp) such that

k
1 ooy N[ 2y | = [ 71+ (18 o) ()N 2o (O)]).
i=1

Moreover, for such 71, ...,7k, we have
k
A ey ] = [ i - 1A ooy (O]

i=1
Proof. Let U C .Z{ be an open subset containing .Z¢(Q,) such that |myr|~*(U) C |2 ooy (E) N[ Zr(pee) (€)1
cf. Lemma 5.1.9. Apply Lemma 5.1.8 and the fact that #¢ is quasi-compact, we obtain finitely many
elements 71, . ..,7; € G(Q,) such that F¢ = U¥_,~, - U. Taking the preimage, the first equation is clear, cf.
Lemma 5.1.4.

Let V be the union UF_~; - | AT (pe)(€)]. It remains to show that V' = |XF | Note that V is a
quasi-compact open subset of [} |, and contains | X7 )[\|Zr(pe)|- There exists m > 1 such that V'
is the preimage of some V,,, C A}
sufficies to show that V,,, = le(pm).
neighbourhoods of x in X, *(pm). The subset V,,, is quasi-compact in the constructible topology, and thus
there exists an open neighbourhood U of x that is disjoint with V,. In particular, we have U C Zpm),
which is impossible due to dimension reason.

(pm)|, where V,,, is a quasi-compact open containing Xli‘(pm)\Zp(pm). It

Let x € le(pm)\Vm. Then {z} is equal to the intersection of all open

Lemma 5.1.11. Let 0 < ¢ < 1/2. There exists finitely many 71, ...,y € G(Z,) such that
k

2 e (@ = U 18 (€)al-
i=1
Proof. Let x € [A} ) (€)]. It corresponds to a principally polarized Abelian variety A with a level structure
n:TH(A) — Zgg . We assume that A has good reduction. The existence of the anti-canonical subgroup
D C Alp] is equivalent to the condition that the isomorphism A[p] — F29 induced by 7 sends D to a
subgroup disjoint with FJ C Fgg , which can always be achieved by an element in G(F)). O

5.2. The map of adic spaces.

Definition 5.2.1. A subset U C [A} | is called affinoid perfectoid if

(1) There exists m > 1 such that U is the preimage of an affinoid open Spa(R,, R},) C |}
(2) For every m’ > m, if we write the preimage of Spa(R,,, R}) in le(pm/)
as Spa(R, Rf,), then (R, RL) is an affinoid perfectoid Qf}’d—algebra7 where RY, is the p-adic

m’

()
(which is necessarily affinoid)

completion of colim,, R}, and R = RE[1/p)].
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Definition 5.2.2. A subset U C |Xff(poo)| is called perfectoid if it is a union of affinoid perfectoid open
subsets.

Lemma 5.2.3. There exists a perfectoid space Xff(poo) over (@IC}’C1 such that
AL (poe) ~ 1l ).
It is covered by finitely many G(Qp)-translates of A7 (€)q for any 0 <e <1/2.

Proof. By Lemma 5.1.10, Lemma 5.1.11, and Lemma 4.4.2, we conclude that |Xf‘k(poo)| is perfectoid. Thus it
carries the structure of a perfectoid space. The remaining two claims are both clear. O

Let Zr~) C A be the boundary.

(p>)
Lemma 5.2.4. There is a unique map of adic spaces over Q,

THT le(poo)\Zr(poo) —
which realizes || on topological spaces.
Proof. We repeat the arguments of Construction 5.1.3 and the result is clear. (Il
Definition 5.2.5. Recall the following inclusions of algebraic varieties over Q
Fl1 — Gr(2¢9,9) — p(¥)-1 ~ P(AIQ?%).

Let {e1,...,ez4} be a basis of Q%9. Denote ey =e;, A---Aej, for J={j1 <--- <jg} C{1,...,2¢}. Then
we have an affinoid open {|z;| > 1} in P(A9Q29)2d for every J. The preimage in .Z¢ is denoted by F¢;,
which is an affinoid open in .

Lemma 5.2.6. Let L € %¢(Q),) be a totally isotropic subspace of Zf)g. Then L € Flgia,.. 24 if and only
if L is transverse with ZJ & 09.

Proof. Omitted. U

Lemma 5.2.7. The preimage of Fl;, 1 . 241(Qp) is given by the closure of Xli‘(poo)(O)a\Zp(poo)(O)a.

Proof. We first consider the good reduction case. It sufficies to check the rank 1 points. Let = : Spa(C, O¢) —
A (pe). Suppose it corresponds to the Abelian variety A/O¢ with level structure n : T, A — Zgg . We have
that a7 (z) € Fligia,.. 241(Qp) if and only if z € Xp(pe)(0)q, cf. Lemma 5.1.5. The result then follows
from Lemma 5.2.6.

Next, we shall show that X7 ) (0)a\Zr(pe)(0)a is mapped to Fygi1,..,243(Qp). Otherwise, there exists a
clopen subset of F¢(Qp) disjoint from F(g41 . 241 (Qp) that intersects with the image of A7 <) (0)a\Zr(pe)(0)a-
Taking its preimage gives a clopen subset of A7\ ,)(0)a\Zr(p=)(0)a Whose image in F¢(Q,) is disjoint from
Fligia,..291(Qp). Recall that the triple (le(pw)(O)mZp(pm)(O)a,Xp(poo)(O)a) is good, cf. Lemma 4.4.2,
which implies that any clopen subset of Xl:k(pm)(o)a\ZF(poo)(O)a extends uniquely to a clopen subset of
le(poo)(O)a. Hence we obtain a nonempty clopen subset V' C le(pm)(O)a such that

T (V N Appe)(0)a) = a1 (VAZrpe) (0)a) C FUQp)\Flg1,... 293 (Qp)-
Intersecting with V' gives a good triple
(V,V 0 Zr(peey (0)a, VN Xp(pee) (0)a)-
In particular, the intersection V' N Ay (0), is nonempty. This constradicts the case of good reduction.
Finally, it suffices to prove that mur(z) € Fl(g11,..29}(Qp) implies that @ € A7 ) (0)a\Zr(p<)(0)q for
every rank 1 point  : Spa(C, Oc) = &P (,0)\Zr(p=). Choose v € G(Zp) such that vz € A« )(0)q, cf.
Lemma 5.1.11, and assume that @ ¢ X7 <) (0)a\Zr (=) (0)a- Then

vTE Xff(p‘x’)(o)a\’y ’ XF(poo)(O)w
Repeat the argument in the previous paragraph, we obtain an element y € Xppe)(0)a\7y - Xp(p=)(0)a

such that mur(y) € 7 Flygia,. 29(Qp). Note that 771 -y € Xp(yee)(0)\AXp(p)(0)a, and mur(y™" - y) €
Flige,... 291 (Qp). This constradicts the good reduction case. |
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Lemma 5.2.8. For every open subset U C % containing .#¢(Q,), there is some € > 0 such that
Xff(poo) (6)\Zp(poo) (6) C ’/Tﬁr;l[w(U)
Proof. Repeat the argument in Lemma 5.1.7. |

Lemma 5.2.9. There exists some 0 < € < 1/2 such that

Proof. Choose an open neighbourhood U of #¢(Q,) in #¢ such that U N Py, 1. 241(Qp) is clopen in U.
Let U' = U\Fl g11,... 241 (Qp). We can choose € such that WHT(XF(pOQ)(E)a\ZF(poo)(E)a) C U. The preimage
of U’ gives a unique clopen subset V, C Xff(poo)(ﬁ)a, as the triple

(X;:(Poo) (€)a ZF(I?“’)(E)M XF(p‘X’) (€)a)

is good. The intersection of all V; for e sufficiently smalle is empty, cf. Lemma 5.2.7. Since every V is quasi-
compact under the constructible topology, we have V, = @) for some ¢ > 0, and the proof is complete. ]

Lemma 5.2.10. There exists a unique map of adic spaces
THT - XF(poc) — yg
extending 7wyt on X;(pw)\Zp(poc).

Proof. We first show the existence. As myr is G(Qp)-equivariant, it sufficies to show that mgr admits an
extension from le(pm)(e)a\zp(poo)(e)a to le(pm)(e)a for some € > 0, cf. Lemma 5.1.10 and Lemma 5.1.11.
(poo)(e)a\Zp(poo)(e)a) C Pligtr,.. 29y by Lemma 5.2.9. Every bounded
function on Flg41, . 241 pulls back to a bounded function on Xy .\(€)a\Zr(pe)(€)a, which by Riemann’s
Hebbarkeitssatz extends uniquely to a bounded function on Xll"(poo) (¢)o- Hence the extenstion exists.

For the uniqueness, it can be checked locally. Let U be an affinoid perfectoid of Xli‘(poo). Let f, g be two

It can be assumed that 7y (A}

functions on U that are equal on U\ Zp(,e). The subset {|f —g| > [p|™} is an open subset of U contained in
the boundary, and thus must be empty. Hence |f —g| < |p|” for all n. Therefore f = g, and we are done. [

APPENDIX A. REVIEW OF DEFORMATION THEORY

Definition A.0.1 ([IlI71, I1.1.2.1, I1.1.2.3]). Let A — B be a map of rings. The simplicial A-algebra P4(B)
is defined by P4(B)g = A[B] and Ps(B), = A[PA(B)n—1] for n > 1. The standard resolution of B over
A is the argumentation P4(B) — B where B is viewed as a constant simplicial A-algebra. The cotangent
complex of B over A is the simplicial B-module Lg/4 = Q}DA(B)/A ®p,(B) B-

Remark A.0.2. This definition works in a general topos.

Definition A.0.3 ([Ill72, VII.1.1.1]). Let S be a scheme. Let S,,, be the small Zariski site over S. Let Sgpqc
be the big fqpc site over S. The natural inclusion S,ar — Sgpqe induces a geometric map (€*, €.) : Sh(Szar) &=
Sh(Stpqe)-

Definition A.0.4. Let f: X — Y be a map of schemes. The cotangent complex is Lx/y-

Definition A.0.5. Let S be a scheme. Let G be a group scheme over S that is flat and locally of finite
presentation. Let e : S — G be the unit. The co-Lie complex is {g = Le*Lg/g, and the Lie complex is
¢Y, = RHom({¢, Og). Define £, = Le*{g.

Remark A.0.6. A group scheme G flat over S is always a local complete intersection over S. Then the
cotangent complex L, s has perfect amplitude in [—1,0], and thus ¢ has perfect amplitude in [-1,0], £
has perfect amplitude in [0, 1].

If G is smooth over S, then L¢ /g = Qg/g is locally free, and £ coincides with the Lie algebra Lie(G) of
G.

In particular, if 0 - H — A — B — 0 is a short exact sequence of commutative group schemes over S,
with H finite locally free, and A, B smooth, then £}; is represented be the two-term complex Lie(A) — Lie(B).
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Lemma A.0.7 ([I172, Theorem VII.4.2.5]). Let f : S — T be a map of schemes. Let i : S — S’ be a
T-extension by a quasi-coherent module I. Let A be a “schéma en anneaux” over T that is, as a scheme
over T, tor-independent (c.f. [FJJT71, Definition I11.1.5]) with both S and S’. Let F (resp. G’) be “schéma
en A-modules” that are flat and locally of finite presentation over S (resp. S’). Let G be a “schéma en
A-module” over S induced by G’. Let u : F — G be a morphism of “schémas en A-modules”. Let K be the
complex fitting into the distinguished triangle K — ¢¥. — £ — K[1]. It is an object in D(A ®% O). Then
there is an obstruction w(u, G') € Ext% (F, K @& ¢*I) which is zero if and only if there exists a pair (F’,u’)
where F” is a deformation of F' as “un schéma en A-modules” flat over S’ and a map v’ : F/ — G’ extending
u.

Lemma A.0.8. Let S be a scheme. Let ¢ : S — S’ be an extension by a quasi-coherent module I. Suppose
S and S” are both tor-indepeendent with Spec(Z). Let F (resp. G’) be commutative group schemes over
S (resp. S’) that are flat and locally of finite presentation. Let G be a commutative group scheme over S
induced by G’. Let u : F — G be a morphism of group schemes over S. Let K be the cone of the map
Y. — £Y,. There is an obstruction w(u, G') € Ext'(F, K ®" I') which vanishes if and only if there exists a pair
(F',u') where F” is a deformation of F' as a commutative group scheme that is flat over S/, and v’ : F/ — G’
is a map extending wu.

Lemma A.0.9 ([Sch15, Theorem II1.2.1]). Let A be a ring. Let G and H be commutative group schemes
over A that are flat and of finite presentation, with a group map w : H — G. Let B — A be a square-
zero thickening with the argumentation ideal J. Let G be a lift of G to B. Let K be a cone of the map
0}, — £ of Lie complexes. Then there is an obstruction class w € Ext'(H, K ®" J) which vanishes if and
only if there exists a pair (ﬁ ,U) where H is a flat commutative group scheme over B, and u : H— G
is a map lifting v : H — G. Moreover, the obstruction class is functorial in J, in the following sense. If
B’ — A is another square-zero thickening with the argumentation ideal J’, with a map B — B’ over A, then
W' € Ext'(H, K @ J') is the image of w € Ext'(H, K ®* .J) under the map J — J'.

APPENDIX B. REVIEW OF PERFECTOID SPACES

Definition B.0.1. Let 9) be a flat t-adic formal scheme over F,[[t!/(P=VP™]]. Let ® : ) — 9) be the ralative
Frobenius. Then the inverse limit limg 9) is representable by a perfect flat t-adic formal scheme Q)P over
F, [t/ (P=DP™]), called the perfection of Q).

Locally,

(SpE(S))P*r" = SpE(SP™)
where SP'f is the t-adic completion of limg S.

Definition B.0.2. Let ) be an adic space over F,((t}/®P=1DP™)) Tet & : Y — ) be the ralative Frobenius.
Then there exists a unique perfectoid space VPt over Fp((tl/ (P=Dp™)) called the perfection of ), such that

yrerf O limg ).

Locally,
Spa(S, S+)Perf _ Spa(sperf7 Sperf,—i-)

where SPerf:t is the t-adic completion of limg ST, and SPef = Sperf:+[1/4].

Lemma B.0.3. Let K be a perfectoid field. Let X, Y;,Ys be perfectoid spaces over K, with finite étale
maps Y1 — X and Vo — X. Let f: )1 — Yo be a map over X. Let Y C X be an open subset such that the
restriction map HO(X,Ox) — HO(U, Oy) is injective. If fy is an isomorphism, then f is an isomorphism.

Proof. The points of X where the map of stalks induced by f is an isomorphism is open and closed. If f is
not an isomorphism, then there exists a non-trivial idempotent e € H°(X, Ox) such that el = 1. However
this contradicts the condition that the map H°(X,Oy) — H°(U, Oy) is injective. O

Lemma B.0.4. Let (R,R") be a Tate Huber pair. There is a bijection of sets between |Spa(R, RT)| and
the set {(L, LT, $)}/ ~, where (L, L") is a non-discrete affinoid field and ¢ : (R, RY) — (L, L") is a map of
Huber pairs such that ¢(R) C L is dense.
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